348 MATHEMATICS

Miscellaneous Exampies

xample 17Find [cos 6x |fI+sin 6x dx
SolutionPut 1 = 1 + sin 6x, so that dr = 6 cos 6x dx

. I
Therefore fcos 6.x/1+sin 6x dx= L] j t2dr

| 2
‘6 5“) +C= —(l+sm6x)2 +C

4 __ 4
Example 38Find f“—‘—;f)—dx-
X

. u_L

‘me«mWe have J’(" _‘)‘ = J'

| _ 3
Put I—;_;=I-.r 3=l,sothat.’r—4dr=a’!
l "
" Therefore _‘ _—")4 ph——d 43 4 1 g
:-— [4 d’ = —X—[“-F _“;‘ e * S\
x ] 35 . 15{ x-’J"LC

. . x* dx
Example 39Find f m

SelutionWe have

4
o I

=(x+)+—-

(=D +1)
)X +1) 2P

= al)p— ]
(x=1)(x* +1)

NOW CxprcsS 1 A

- Brsc
(=D +1) A

- +\
=0 11y

ave have J-

INTEGRALS 349
So =AM+ 1)+ Bx+Cyx-1)

. - =(A+B)x’+(C-Byx+A-C
Equating coefficients on both sides, we get A+ B=0,C-B=0and A - c=1,

E 1 | . .
which give A = 5 B=C= =5 Substituting values of A, B and C in (2), we get
| _ I |
G4 - 2-1) 20240 222 +D) - &)
Again, substituting (3) in (1), we have
4
X
- L l
(x=D (" +x+1) 2x-1) 22+ 25+
Therefore
2
' x+C

I . d“':x—+x+ll‘>g|x—li—llog(xzﬂ)—-l—(an
(x—l)(x2 +x+1) 2 2 g 2

1
Ex ;,-n‘.pi; 40Find I [log (log«\‘) i (]og x)z ]d.l'

1
Selutionlet 1= || log (logx) + dx
b i J.l: g (log x) (logx)z}

= Ilog (log x) dx + J‘—(E_gl_x)_z dx

In the first integral, let us take 1 as the second function. Then integraring it by

parts, we gel
dx

= xlog (log x + -

I = xlog (logx) = I xlog = I (log 1)’
= xlog (log x)— j I dx It

& logx (lugx)2 ”
) Again, consider L8 _take 1 as the second function and integrate it by parts,
N log x

. (2)

i )]

log x
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Putting (2) in (1). W¢ gel

T J' .‘l“ . o ; = rlog (log.x) -
| = vlog (log.)— '(‘b + dogn) (log x)’
Find J [\/CO[ e \/I.Ill \ J dx

Example 41

Selution We have
I = J [\/c‘(\'li\: +tan x ]d.\' = I\/ tan x (1 + cotx) dv

Put tan x = £, so that sect v dv =21 dr

NCE= cos? (2x)

sin 2.xveos v
== (X

9 cos’ 2y

Let le

{

log v

21 dt
or dv = 4
[+1
[ | 21
= |t 1+= |—3 dt.
Ll : j[ r‘](l+1)
, (] + '—2 ](’, (| + —'2— ]llf
= ! 1
=2J“4+l—)dl=2j.—— =2J‘—-—‘"“;——
4] ( : ) [ l)‘
I"+= r—= | +2
\ ! l
| |
Put I—; = v, so that | I+-5 | df = dv. Then
=2 ——»~—--~—\/—l.m : 4‘;+(‘:\/‘§le|1 '(
v +(v2) V2
~Zuan | =2 tan tany -1, ¢
\/r J2tan x
i sin 2.xcos 2.x dy
i catple §i2 Find ) i

il

INTEGRALS

i cos’ (20) = 150 that 4 sin 2y cos 2y dy = -
: dt

=

| r

IJ di lqi“‘{r"”. ot
) T ! U=~ —sin” | - cosT 22X
47 Jy ¢ 4 3) 4 \_3°

]

- Example 43 Eyaluate Ji\.\' sin (70 x)|dx

‘Therelore

=

L . .
ysinwxfor—1<y<|
Solulion Here f(x)=]a sin v | = ) ) 3
—xsinmxfori€x< -

.

3 %

" ,
J'zll.r.s'.lnn.\‘ld.\' j \smnull+j

p

—asinmoxdx

Theielore

| . 3
= j |_\'smn.\'d.\'—j lxsinmxdx

ntegrating both integrals on righthand side, we get

3 .
3 _YcosTX sinmy | —XCOSTL Y SINTLX
I*l\smn R e I
T T 1, L = e
2 | | R
S |- |=
:E T T s n T
™ e n \(!\
X Eooarpte Hivaluate j F— —
¥ 0 o’ cos \+h sin’
K \d\ x (m— \')d\'

“ j“ a’ cos” (n— X) b sint (=0

]

-1
\

utiony
! A‘ll:j
Y’ cos Ly b sin’

-],
- f’
0= x|

xx

dx

DTSy

"
? J 2 Tl

d Cos” 0 gl cos” NHDTSINT N
x

y )

S hTsin
dv

oL
x4 hTsin

-
YT Cos

. "
hus

O con \

+C

9~

— (using P
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J

n

U rn clx ‘ak 5 dx ‘
I s =l 5.5 (using P
290 4 cos  xr+bsin’ ¥ 2 0 g’ cos” x+ b sin” x B
n n ]
4 cdx 7 dx
N ko) —
2 2 2. 5 5 5 7 .2
0 a” cos”  x+ b sin” x na cos x+b°sin ,IJ
: |
Fon

2
J-4 sec xdx
0 a’+b’tan’ x

n ~
J- s goOsec  xdx

-
x a’ cot’ x+ b

[ o1
I 2 dto 2 "J- 5 du ](puttanx=tandcotx:-u)

2
u’ + b’
cz'u 0 h - R
1 T - v (1 : -
tan -—] - —|tan'< + tan e B
| ab a b |  2ab



Integration is the inverse process of differentiation. In the differential calculus
we are given a function and we have to find the derivative or differential o
this function. but in the integral calculus, we are to find a function whose
differential is given. Thus, integration is a process which is the inverse o
differentiation.

d . .
Let — F(x)= f(x). Then we write If(x) dx =F (x)+C. These integra

are called indefinite integrals or general integrals, C is called constant of

integration. All these integrals differ by a constant.
From the geometric point of view, an indefinite integral is collection of family
of curves, each of which is obtained by translating one of the curves paralie
1 itself upwards or downwards along the y-axis.

Soume properties of indefinite integrals are as follows:

I fff(x;-‘r;{(x)]dx=jf(x)dx+jg(x)dx

-

2. For any real number k, fk f(x)dx= kJ-f(X) dx

; s o o 4 > » - . . ~ ) : c\ rc-‘:}
More generally, it f, f,, f., ..., f, are functions and k. &,. ... & oar

numbers. Then

fie, tixs vt 0+ vk, (0] dr
= k, J./;U) dx + k, J/:r(~l') dx+..+k, j/n (x) dx
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1) |xX'dv=—-+C px_| Particals e e
| ntl ; - Farticularly, |dy=x+C

(i) jeos.y dv=sinx+C (iii) [ sin x dx=—cosx+C

(1v) |sec -td"=ti‘“-‘7+c (v) |cosec’xdx=—cotx+C

(vi) |sec xtanx dy=secx+C

(vil) |cosec x cotx dx = —cosec x+C (viit) j

dx .
——==sin  x+C
Vi—x~

dx iy d
(x) | /r__’=-cos x+C (x) j xj =tan'x+C
V1= I+ x7
r dx ¥
=—cot” x+C i) |e'dx =e*
i) | N (xii) [e'dr=e*+C
[ x 4 dx -1
(xi)) Ja dx==—+C (xiv) |—F====sec” x+C
loga J xVat =1
v dx 3] . 1 =1 .
(Xv) J'—z—cosec o (Xv1) j;dx— og|x|+C
vt =1
. : - P(y)
Recall that a rational function is ratio of two polynomials of the form -(i»; ,
X

where P(x) and Q (x) are pblynomials in x and Q (x) # 0. If degree of the
polynomial P (x) is greater than the degree of the polynomial Q (x), then we

P(x) =T (x)+ P—‘_(-L) where T(x) 1s a

Q(x) Q(x)
polynomial in x and degree of P (x) is less than the degree of Q). T(v)
P (x)

being polynomial can be easily integrated. e can be integrated by

may divide P(x) by Q (x) so that



Py ) ' wing ty
Qi
J B
n o+ A 4 b,u:th
1
avie- M e
A B
L -

ra

tgrtr = , A 4 B.4+_£_ﬂ
=@y M\.\n(\ \—d ..\‘v-h xX—¢€
protaxtr ~ ‘_é___+__B 2+ C
) § a) (\“b) . X—da (.X‘"a) x—b
PY gart T A N Bx +C
oL bl Ar) | bx=—a o xE+bxdc

where a® + bt + ¢ can not be factorised further.
§

A chanee in the variable of integration often reduces an integral to one of the
“ndamental miegrals, The method inwhich we change the variable to some
sther vanable 1< called the method of substitution. When the integrand involves
some tgonometrie tunctions, we use some well known identities to find the
imtegrals. Using substimition technique, we obtain the following standard
NICETalSe

i) [tan xdx=log|secx|+C (ii) jcotxdx=log|sinxi+C

iy [secxdy= log | sec x + lanx|+C

r i -~
(iv) |cosecadr=log|cosec x —col ,.r!+(.‘

o odv ] X—u ! .
) ] 7337, log | —— | +(
x*—a" 2a x+al

dx 1 _{H-\'i

- + (‘ J’ . S b -
¢ P ¢ 2(1 a—Xx ! (lll) 2 9 tan —+ C




- dx ; ,, o dx (A ;
' a4+ C

(tv) J'“._"—;'“""“‘" ==log|x+vx —a [+C(v) J | S
VXt —as ' 3 Ja -1 7}
s di :
(\1] .. T “ = i lﬂ}_‘ ] Y4+ vy 4 (J' ' I (*
‘ v X +a

For given functions f and f.. we have

] fix) f q -— f(y - ; d .
' (X)) fh(x)dx= f(x) Jfg())(1r—J‘[zx—fl(x)»J.f2(x) dx}cbc, i.e., the

integral of the product of two functions = first function x integral of the
second function — integral of {differential coefficient of the first function x
integral of the second function}. Care must be taken in choosing the first
funcuon and the second function. Obviously, we must take that function as
the second function whose integral 1s well known to us.

[ [f (0 + fGVdx'= J’ " £ (x) dx+C

-
- S i D38
2

7 W\ B R @ 2 12
(1) J\xz—a dx=—2—~ xz—az——z—log x+ x4 at

+C

— 2
(11 fx,.x‘#az dx=§-x/?+a2+%—log x+x* +a’ !+C

dx dx

(iv) Integrals of the types J- B or | ————=—=———can be
} ax- +bx+c \/ ax: +by+c

transformed into standard form by expressing
, b C

- . ) p . 7

by ‘(‘ b \.t

A ext— | mal| x+ - | ——— |
2a ) |a da )|

a’+ bx+c=4d
% - \

L

px+q dx
()r B — ‘-_ T c an be

py+q dx
. ) In egrala of the types avt +bx+c “.,"'(IX' +hx+c



T z‘\‘uﬁ‘ﬂ\f'\l o \Llndkﬂd form h\ C\PR‘\“H}

«+ b)+ B .where Aand B ar.

i - _ A
my + g ,-A‘ “1\‘L’?\+(\4’B:A(2”
dx ‘
determined by comparing coefficients on both sides.
We have defined | " £(x)dx as the area of the region bounded by the curve
i aand x=h. Let xbea

— ‘11 a € v < b. thex-axis and the ordinates x =
o1ven pont in [a, Bl.Then j _rf(x) dx represents the Area function A (x).
sncept of area function leads to the Fundamental Theorems of Integral

e

Calculus.
R Horém M iniFPTal caleius

ca function be defined by A(x) = j : f(x)dx for all x 2 a, where

(&8}

et the an
the function 7 1s assuredito be continuous on [a. b] Then A (x) = f(x) for all
A ':: | L4 "’:’i

L 2k INGPIB A,
| ~1 f be 2 contntious funcuion of x defined on the closed interval |a, b] and

d \
let F be another function such that dv F(x)= f(x) forall x in the domain of
dx

f. then Jr f{_x;(/.r"-‘[l*!ni-(f]: =F(b)y-Flu).

This Is called the definite integral of f over the range |a. b|, where a and /
are ca{icd the limits of mtegration, « being the lower limit and b the
upper limit.
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